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FEKETE-SZEGO INEQUALITIES FOR NEW CLASSES OF ANALYTIC
FUNCTIONS ASSOCIATED WITH (p,q)-DERIVATIVE OPERATOR
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ABSTRACT. In this article we use (p, ¢)-derivative operator to introduce and study subclasses
of analytic functions. Further, we derive Fekete-Szego inequalities for the functions belonging

to these new subclasses. Some special cases of the established results are also illustrated.
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1. INTRODUCTION

Let A denote the family of normalized functions of the form
FO=C+D anc™, (1.1)
n=2

which are analytic in the open unit disc U = {¢ : ( € C and |[{| < 1} and gratify the
normalization conditions f(0) = 0 and f'(0) = 1.

A function f in A is said to be univalent in U. We denote by S the subclass of A consisting
of univalent functions in U.

Let f and g be two analytic functions in U then function g is said to be subordinate to f if

there exists an analytic function w in the unit disk U with w(0) = 0 and |w(z)| < 1 such that

9(¢) = f(w(¢)), (C€T). (1.2)

We denote this subordination by g < f.

In particular, if f is univalent in U. The above subordination is equivalent to

f(0) = 9(0) and f(U) C g(U).

The theory of g-calculus plays an important role in many fields of mathematical, physical

and engineering sciences. It has many applications in the field of special functions and other
1
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areas. The first application of the g-calculus was introduced by Jackson [13], [14]. Recently,
a new generalization has been presented for the g-derivatives denoted by (p, g)-calculus. One
may refer to [1,3],[4],[5,7,15,19,21]. Let us recall some basic notations of (p,g)-calculus.
For 0 < ¢ < p < 1 the (p, g)—derivative operator for the function f of the form (1.1) is defined
by

f(pC) f(<) L C#0

¢(p—q)
Dypqf(C) = (1.3)
f'(0), ¢=0.
From (1.3) we deduce that
Dpg(F(O) +9(C)) = Dp,gf (C) + Dp,gg(C)- (1.4)

Dypq(cf () = eDpqf(C)

and the (p, ¢)-derivative of the function h({) = (", is as follows

Dy h(C) = [n]p ¢t (1.5)
where
[nlpg = pp : Z DFq (1.6)

which is a natural generalization of the g-number.
Clearly, we note that [n]; , = [n], = % and lim,_,1[n]; 4 = n.
Dy, h(¢) = K'(¢) as p =1 and ¢ — 17, where h’(¢) denotes the ordinary derivative of the
function h({) with respect to (.

The (p, q)-derivative operator of the function f, is defined as

Dpqf(Q) =1+ Z[”]p,qanfn_l7 ¢#0, (1.7)
n=2

We now introduce the following classes of analytic functions by using principal of subordina-

tion and the (p, q)-derivative operator :

(I+6=N)+(1—-6+A k
Diyipaf(Q)=C+ Z( ks l(—i—l * )[n]p,q> an(" (1.8)

where 0, A\,1 >0, k € NU{0}.
Let

D 1paf(Q)=C+ D L6, A 1)y qanC”

n=2
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where

(+3-N)+ 1 =8+ Nnle\"
I+1 '
As p = 1 and ¢ — 17, by specializing the parameters the new (p, q)-differential operator

LA 1))y = (

D(’;/\,l% , reduces to various operators studied by Al-oboudi[6], Catas[8], Cho and Srivas-
tava[9],Latha and Shilpa [16], Maslina Darus and Rabha W Ibrahim [18], Salagean [20] and
Uralegaddi and Somanatha[22]. For example letting ¢ — 17, § = A\, [ = 0 we get Salagean
operator and letting ¢ — 17, § = 1, | = 0 we get Al-oboudi operator.

Let P denote the class of all functions ¢(¢) which are analytic and univalent in U and for
which () is convex with ¢(0) =1 and R{¢(¢)} > 0 for all ¢ € U.
By using principal of subordination and the (p, g)-derivative operator D{f’)\’l’p’ g0 We now in-

troduce the following classes of analytic functions:

Definition 1.1. A function f({) belongs to the class R§7A717p7q(¢) if it satisfies the following

subordination condition

Dg s 1.p.af(C) < 0(0) (1.9)

where (¢) € P and 0 < ¢ < p < 1.

Definition 1.2. A function f({) belongs to the class Ngfk,l,p,q(@) if it satisfies the following

subordination condition

(- a)“f L aDby .0 (0) < 9(0) (1.10)

where p(() € P,0<a<land0<g<p<l.
In order to derive our main results, we need to following lemmas:

Lemma 1.3. [12] If p € P then |c,| < 2 for each n, where P is the family of all functions p

analytic in U for which
R(p(¢)) >0 and p(¢) =1+ 1€ + 2% + - - -

for ¢ € U.

Lemma 1.4. [12] Let p € P be of the form p(¢) = 1+ c1¢ + co(?> + - --. Then

2
Tl

2
c
’(:2—21_ 5 and |cy| <2, neN.
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Lemma 1.5. [17] If p(¢) = 1+ c1{ + c2¢? + - -+, ¢ € U is a function with positive complex
number, then

leo — pei| < 2max{1;[2p — 1|}

The result is sharp for the function given by

_1+¢
“i-a

and p(Q) = ¢, CE L.

The Fekete-Szegd problem is to find the coefficient estimates for the second and third

p(¢)

coefficients of functions in any class of analytic functions having a specific geometric prop-

erties [11].In this paper, we obtain Fekete-Szegd inequalities for the classes ng Alp q(go) and

k
N5x1pq(9)-

2. MAIN RESULTS

Theorem 2.1. Let p(¢) = 1+ B¢ + B¢ +--- € P with By # 0. If £(¢) belongs to the

} (2.1)

Proof. If f(¢) € R§7/\7l,p7q(¢), by Definition (1.1) there is a Schwarz function w(¢) in U such
that

class ng,,\,l,p,q(@) then

) By By L(6,A\,n)([3]p,q)[3]p,qiB1
las — pa3] < L(5, A, 1)([3]p,q)[3]p.q e {1 B LA n)([2lpq)[2]54

where 1 is a complex number and 0 < g < p < 1. The result is sharp.

D5\ 1p.q(F(Q)) = (w(Q)). (2.2)
Now we define the function
p(¢) = izgg =1+p1C+pl®+---. (2.3)

Since w(() is a Schwarz function, we have R{p(¢)} > 0 and p(0) = 1. Let

9(Q) = D5 1pa(Q) =1+ di(+ o+ - -. (2.4)

By using equations (2.2), (2.3) and (2.4) we obtain
_(pQ) - 1>

B 2 3
igg_i_i:;<P1C+<p2—pzl>C2+<p3+Zl—p1p2>§3+"'>

since
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which yields

. 2
(E98) oo (oG] i) o

By equations (2.4) and (2.5) we obtain

1
d1 = 531]91

1 p% 1 2
do =-B - —= — Bop7.
2= 5 1<p2 2)+4 201

A simple computation gives

Dir1pq(fF(Q) = 14+ L(8, A\, 1,n)([2]p.q) [2lpgaz¢ + L(8, A 1, 1) ([3]p,) [Blpgas¢® + - -
Using (2.4), we get
dy = L(0, A, 1,n)([2]p,q)[2]p.q02
do = L(6,\,1,n)([3]p,q)[3]p,q03

comparing the coefficients of ¢ ad ¢? and simplifying we get

4y = Bipy
QL((S’ A n)([Q]p,q) [2]p,q
and
a5 = By (p2 _ p%) i B3pi
2L((5, A, l, n)([S]p,q) [3]p7q 2 4L(57 )‘7 l? n)([?’]p,q) [3}177‘1
hence
B
2 1 2
asz — pas = p2 — P

2= S0 L) (Bl Blyg P2 7

where

Y= L ( — B2 L((S’Aﬂl’n)(B]p,q)[?’]p,qlﬁBl)
q

5 Fl N [L((S?)‘?lvn)([ﬂp, )[2]107(105]2

Hence by Lemma (1.5), the result follows.
Note that, for suitable choices of parameters in Theorem (2.1) we get the following Corollary

derived in [2].

Corollary 2.2. Let ¢(¢) =1+ Bi( + Bo(? +--- € P, with By # 0. If f(¢) given by (1.1)

) (2.6)

belongs to the class R)(¢) and pu is a complex number, then

B1 max (1 & . Blp.q1B1
Blp.q

jag — paj| <

| B 212,
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The result is sharp.
Similarly, we can obtain upper bound for the Fekete-Szego inequalities for functions belonging

to the class Ng'y ,  (¢) as follows.

Theorem 2.3. Let p(¢) = 14+ B1( + Ba(? +--- € P. If f(C) is given by (1.1) belongs to the
class Né‘j/\yl’pg(gp) then
B
(1 =) + L(6, A, n)([3]p,q) [3]p.q0]
s {1 | B2 pBi[(1 =) + L(6, A, n)([3]p,q) [3]p,e]

lag — pa3| <

By (1 =)+ L(6, A1) ([2]p.g) 2lp.ge]?

where p is a complexr number and 0 < ¢ < p < 1. The result is sharp.

} (2.7)

Proof. If f(¢) € N§A7l7p7q(¢), by Definition (1.1) there is a Schwarz function w(¢) in U such
that

(1 -y apk, 0 = el (2.9
Now we define the function
_14w() 2
P(C)—m—1+P1C+P2C + (2.9)
Since w(() is a Schwarz function, we have R{p(¢)} > 0 and p(0) = 1. Let
9 = -l v ably, (70) =1 dig a4 (2.10)

By using equations (2.8), (2.9) and (2.10) we obtain

o=+ (3er1)

since
§28+1 =;<p1§+ <p2_pj> ¢+ <p3+]f—p1p2> g3+...>
which gives
p(¢) -1 1 1 2 A
o <p(C) " 1) =1+ 3Bip¢ + (231 <p2 - 2) + 4B2p1> G (211)
Using equations (2.10) and (2.11) we obtain

1
d1 = §B1p1

2

1 p1 1 2
do = =-B — = — Bops.
275 1<p2 2>+4 2P
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A computation gives
u—wﬁ?+uD$MAﬂoy—1+«1—®+L@mam@hammﬂwc+m—a>

+L (6, AL n)([?’]p,q)[?’]p,qa}ai’)g? +o
Inequality (2.10), yields
dy = [(1 - a) + L(57 A n)([Q]P7Q)[2]p7qa]a2

dy = [(1 - a) + L(57 A n)([3]p,q)[3]p,qa]a3

now comparing the coefficients of ¢ ad ¢? and simplifying we get

0 — Bip:
27 2[(1— o) + L0, X 1, 1) ([2pg) 2]
and
° 2[(1 - a) + L(5> )‘»lan)([?’]p,q)[?’]p,qa] (pz 2 >
N B3p?
4[(1 - a) + L(57 /\7 l? ")([3]p,q)[3]p7qa}
hence
By
4 = 15 = T a) + L0 L) (Bl Blpga] 72 TPV
where
— 1 <1 _ @ _ :UBl[(l - a) + L(é’ )‘a lan)([g]p,Q)[?’]p:qa])
T2 T B (1 a) LGN L) (Rl Rlpgal?

Hence by Lemma 1.5, the result follows.
Note that, suitable choices of parameters in Theorem (2.3) yields the following Corollary

derived in [2].

Corollary 2.4. Let ¢(¢) = 1+ Bi( + Ba(? + - -+ € P, with By # 0. If f(¢) given by (1)

belongs to the class Ny (p) and p is a complex number, then

By max <1 _|B2 (1 — a) + [3]pqa]uBi
(1 — OZ) + [3]p,qa] By [(1 _ Oé) + [2]12)7(1]

) (2.12)

las — paj| < [

The result is sharp.
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