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Abstract:

This paper examines the Weiner index of Cubic Heronian Mean Line
Graphs (CHMLGs), which are a specific type of graph created by applying the
Heronian mean to the edge weights of cubic graphs and then constructing their
corresponding line graphs. The Weiner index is a topological index that quantifies the
total of the shortest path distances between all pairs of vertices, serving as a tool to
analyze the connectivity and compactness of these graphs. The study investigates how
the Heronian mean influences the edge weights in cubic graphs and, in turn, affects
the structure of their line graphs. The paper includes detailed calculations of the
Weiner index for smaller CHMLGs and compares these findings with those of
standard cubic graphs and their line graphs. Notable results indicate that incorporating
the Heronian mean significantly changes the shortest path distances, leading to distinct
behavior of the Weiner index for CHMLGs. These findings enhance our understanding
of how non-linear edge weights impact graph properties, with possible applications in

areas like network analysis, chemical graph theory, and molecular modeling.
1. Introduction:

In chemical graph theory, the Wiener index introduced by Harry Wiener, is a
topological index of a molecule, defined as the sum of the lengths of the shortest
paths between all pairs of vertices in the chemical graph representing the non
hydrogen atoms inthe molecule. Wiener index can be used for the representation of

computer networks and enhancing lattice hardware security. The Wiener index W(G)
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of a connected graph G is thesum of distances of all pairs of vertices of G : W(G) =

> (u,v)SV(G) d(u, v)

Average distance is one of the three most robust measures of network
topology, along with its clustering coefficient and its degree distribution. Nowadays
it has been frequently used in sociometry and the theory of social networks. Wiener
index, defined asthe sum of distances between all (unordered) pairs of vertices in a
graph, besides its crucialrole in the calculation of average distance, is the most
famous topological index in mathematical chemistry. It is named after Wiener, who
introduced it in 1947 for the purpose of determining boiling points of alkanes. Since
then Wiener index has become oneof the most frequently used topological indices
in chemistry, since molecules are usually modeled by undirected graphs. Other
applications of this graph invariant can be found in crystallography, communication
theory and facility location. Wiener index has also been studied in pure mathematics
under various names: the gross status, the distance of a graph,the transmission of a
graph etc. It seems that the first mathematical paper on Wiener indexwas published
in 1976 [3]. Since then, a lot of mathematicians have studied this quantity very
extensively. A great deal of knowledge on Wiener index is accumulated in survey
papers. Nowadays it has been frequently used in sociometry and the theory of social

networks.

Throughout this paper we consider only finite, undirected and simple graphs,
that isgraphs without loops and multiple edges. Let G be a graph with vertex sets
and V(G) and edge set E(G). The distance between the vertices uand edge
of vis denotedby d(u,v) which is defined as the length of a shortest path between u

and v in G. The degreeof a vertex u in G, which is written as deg(u), is the number

of edges incident to u and theset of neighborhoods of v, denoted by N¢ (v) is the set

of vertices adjacent to u.

A graph invariant is a real number related to a graph G which is invariant

under graph isomorphism, that is it does not depend on the labeling or the pictorial
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representationof a graph. In chemistry, graph invariants are known as topological
indices. Topological indices have many applications as tools for modeling chemical
and other properties of molecules. The Wiener index is one of the most studied
topological indices, both from a theoretical point of view and applications. This
index was the first topological index to beused in chemistry. The Wiener index of a
graph G, denoted by W(G), was introduced in 1947 by chemist Harold Wiener [6]

as the sum of distances between all vertices of G.

2. Preliminary Concepts
Definition : 2.1

A line graph of a given graph G is a new graph L(G) where the vertices of L(G)
correspond to the edges of G, and two vertices in L(G) are adjacent if and only if their
corresponding edges in G share a common vertex. Line graphs are important in the
study of network properties because they help capture interactions between edges of

the original graph.

Definition : 2.2

The Weiner index of a graph G is defined as the sum of the shortest path
distances between all pairs of vertices: W(G) = X1<i<j<p d(i,j) where d(i, )
represents the shortest path distance between vertices i and j, and p is the total number

of vertices in the graph.
Calculation of the Weiner Index for CHMLGs : 2.3

The calculation of the Weiner index for a Cubic Heronian Mean Line Graph

follows several steps:

Shortest Path Calculation: First, the shortest path distances between all pairs of
vertices are calculated in the CHMLG. These distances depend on the edge weights,

which are determined by the Heronian mean. The weight of each edge (e;, e,) in the
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line graph might be different from the simple case in a standard line graph, due to the

use of the Heronian mean.

Distance Matrix: A matrix of distances between every pair of vertices is created. This

distance matrix is crucial for computing the Weiner index.

Summing Distances: The Weiner index is then computed as the sum of the shortest
path distances between all pairs of vertices in the line graph. This summation takes

into account the Heronian mean-modified edge weights.

The modification introduced by the Heronian mean makes this calculation more
complex than traditional cubic or line graph Weiner index calculations, as the distances

between vertices in the line graph are influenced by the non-linear edge weights.

3. Main Outcomes

In this paper we consider some Line graphs, such as Path, Cycle, Comb and
some corona of a graph. Our result on generalized for a finite set of graphs (see [7]).

A Linear graph Py, is a walk in which all the nodes are distinct. A Polygon graph C»

is a Closed Path. The graph obtained by joining a single pendant edge to each vertex

of a Path is called a Toothed graph or Comb.

Remark: 3.1 The line graph of a linear is also a linear.
Remark: 3.2 The line graph of Polygon is also Polygon.
Proposition : 3.3

The Weiner index of Comb G =P.OK; is W(G)=n+n—-1) x4+
2n—-2)x3+2n+2)x2+ 2n+1)x1

Proof:
Let G be agraph obtained from a Path P, = uqu; ... ... u, by joining the vertex
u;tov;1 <i < n.Graph G of Comb P;OK; is displayed below.
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Figure : 1

Let e; be the vertices of L(G). The Line graph L(G) Comb P;®K; is shown in figure
P 2

Figure : 2

In general, the Line graph L(G) of Comb B,®K; is shown in figure : 3

Figure : 3

W(G) N zu,vEV(G) dG(u’ U)
W (Ps®K7)

d(uy, uy) + d(ug, ug) + d(ug, uy) + d(uqg, us) + d(uqg, ug) + d(uqg, uy) + d(uq, ug) + d(uq, ug) +
d(uy, usz) + d(uy, uy) + d(uy, us) + d(uy, ug) + d(uy, uy) + d(uy, ug) + d(u,, ug) +
+d(us, uy) + d(us, us) + d(us, ug) + d(us, u;) + d(us, ug) + d(us, ug) +
+d(uy, ug) + d(ug, ug) + d(ug, u;) + d(uy, ug) + d(uy, ug) + d(uy, ug) +
d(us, ug) + d(us, u;) + d(us, ug) + d(us, ug) + d(ug, uy) + d(ug, ug) + d(ug, ug) +
d(uz,ug) + d(uz, uo) + d(ug, uq)

1+2+2+3+3+4+4+5+(1+1+24+2+3+3+4)+
1+2+2+43+3+4)+(A+1+2+2+3)+
14+2+4+2+3)+(1+1+2)+
+(1+2)+ (1)

=(11x1)+(12x2)+(B%x3)+ (4 x4)+(1x5)
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=n+(n-1Dx4+2n-2)x3+2n+2)x2+ 2n+1) x1
» WPsOK) =n+(n—-1)x4+2n—-2)x3+Q2n+2)x2+ 2n+1) x1
Proposition : 3.4 The Weiner index of the graphG = P,OK,, is W(G) = (4n) +
(4n+2)x1+GBn+1)x2+@Bn+2)x3

Proof:
Graph G of P,OK; , is displayed below.

Uy €3 Uag €e Us €9 Ug

Figure : 4

The Line graph L(G) of P,OK; , isshown in figure : 5

2y 2y €7

€2 €3 €e gq 211
Figure: 5

In general, the Line graph of P,OK; , is shown in figure: 6

Figure: 6

PAGE NO : 29



FOUNDRY JOURNAL[ISSN:1001-4977] VOLUME 28 ISSUE 2

W(G) - zu,vEV(G) dG(u’ 17)
w(P,OK, )

d(ug, uy) + d(ug, ug) + d(ug, uy) + d(uqg, us) + d(uqg, ug) + d(uqg, uy) + d(uqg, ug) + d(uqg, ug) +
d(uq, ugo) + d(ug, uge) + duy, ugz) + dug, us) + d(uy, us) + d(uy, ug) +
d(uz, uz) + d(uy, ug) + d(uy, ug) + d(uy, ugg) + d(uz, ugq) +
+d(us, ug) + d(us, us) + d(us, ug) + d(usz, uy) + duz, ug) + d(us, ug) + d(us, usp) + d(uz, uqsq)
= +d(uy, us) + d(us, ug) + d(ug, uy) + d(uy, ug) + d(ug, uo) + d(uy, ugo) + d(uuy, uqy)
d(us, ug) + d(us, uy) + d(us, ug) + d(us, ug) + d(us, uso) + d(us,ugq) + d(us, uy) + d(ug, ug) +
+d(ug, ug) + d(ug, Ugo) + d(ug, us1) + d(uy, ug) + d(uy, ug) + d(uy, ugo) + d(uy, usq) + d(ug, uo)
d(ug, u1g) + d(ug, us1) + d(uog, u1g) + d(ug, ug1) + d(uqg, ug1)

1+1+2+2+2+3+3+3+4+4)+(A+2+2+2+3+3+3+4+4)+
A1+1+14+2+2+2+3+3)+(1+1+24+2+2+3+3)+
1+2+2+2+3+3)+(A+1+1+2+2)+
+(1+1+2+2)+A+2+2)+A+D+ ()

=(18x1)+(21x2)+(12x3)+(4x4)
=An+2)x1+Gn+1)x2+@Bn)x3+(n) x4

~ WPsOK)=(0(@n)+Un+2)x1+Gn+1)x2+Bn+2)x3

4. Weiner Index of Special Graphs

Proposition : 4.1
The Weiner index of Diamond graphis W (G;) = (n+ 1) X1+ (n—1) x 2
Proof:
Let G,; be a Diamond graph with 4 vertices and 5 edges and L(G,) be the line
graph of G, with 5 nodes and 6 edges.
W(G) = Yuvevic)y dew,v)
W(Gq) = d(uq,up) + d(ug, uz) + dug, uy) + d(uy, uz) + d(uy, ug) + d(us, uy)
=1+1+1D)+0+2)+1
=0GBx1)+1
=(n+1)x1+(Mn-3)
W Gy) =(m+1)x1+ (n—3)

W(L(Gy)) = d(uyg,up) + d(ug, uz) + dug, uy) + d(uyg, us) + d(uy, uz) + duy, uy) +
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d(uy, us) + d(ug, uy) + d(us, us) + d(uy, us)
=(1+4+2+2+1D+@+2+2)+(A+1D)+1
=(6x1)+4x2)
=m+1)x1+n—-1)x2
f WAG)=m+Dx1+Mm—1)x2

Proposition : 4.2
The Weiner index of Bull graphis W(G,) = (nx 1)+ (n —4) x 2
Proof:
Let G, be a Bull graph with 5 vertices and 5 edges and L(Gj) be the line graph

of G, with 5 vertices and 7 edges.

~W(G) = Zu,veV(G) dg (u,v)

w(G,) = d(uq,uy) + d(ug, ug) + d(ug, uy) + d(uqg, us) + d(uy, uz) + d(uy, uy) +
d(us, uy) + d(uy, us) + d(us, uy) + d(us, us) + d(uy, us)

(1 +14+142+2)+A+1+2)+Q2+1)+3
=GBx1)+@x2)+3
=nxD)+nm—-1)x2+Mn-2)

WG =(mx1D)+n—-1)x2+(n—2)

d(uq, uy) + d(ug, uz) + d(uqg, uy) + d(ug, us) + d(uy, usz) + d(uy, uy) +
W(L(Gp)) = d(us, ug) + d(up, us) + d(us, ug) + d(us, us) + d(uy, us)
=1+24+2+D)+(A+1+D)+Q+2)+1
=(7x1)+ (@3 x2)
=nmx1)+n—-—4)x2
w WAL(GH)=-nx1)+ (n—4) x2

Proposition : 4.3
The Weiner index of Fork graph is W(G;) =nx 1+ (n—2) x 2

Proof: PAGE NO : 31



FOUNDRY JOURNAL[ISSN:1001-4977] VOLUME 28 ISSUE 2

Let G be a Fork graph with 5 vertices and 4 edges and L(Gf) be the line
graph of G, with 4 vertices and 4 edges.

S W(G) = Zu,veV(G) dg (u,v)
d(uy, uz) +d(uq, usz) + d(ug, ug) + d(ug, us) + d(uy, uz) + d(uy, ug) +
w(G) = d(us, wq) + d(uz, us) + d(us, ug) + d(us, us) + d(us, us)

=(1+2+24+3D+A+1+2D+2+3)+1
=M4XxX1D+@Ex%x2)+@2x%x3)
=m—1DX1+n—2)X2+n—3) %3

A WG)=m—-1DXx14+n-2)x2+n—-3)%x3

W(L(Gs)) =

d(uqy,uy) + dug,ug) + dug,uy) + d(uy, us) + d(uy,uy) +
d(U,3,U4)

=1+2+2)+(1+1)+1
=(@Ux1D+(@2x2)
=nx1l4+n—-2)x2
- WAL(G)=nx1+(n—-2)x2
Proposition : 4.4
The Weiner index of Cross graphis W(L(G.)))=(n+ 1) x1+(n—4)x2+(n—4)x3
Proof:
Let G, be a Fork graph with 5 vertices and 4 edges and L(G.) be the line graph
of G, with 5 vertices and 5 edges.
~W(G) = 2uvevie)y dew,v)
w(G.)

d(uy,uy) + d(uy, uz) + d(uy, uy) + d(uy, us) + d(uyg, ug) + d(uy, uz) + d(uy, uy) +
= +d(uy, us) + d(uy, ug) + d(uz, uy) + d(us, us) + d(us, ug) + d(ug, us) + d(uy, ug) + d(us, ug)

=(1+4+2+4+3+2+4+2)+(1+24+14+1D)+(1+2+2)+(B+3)+2

= (5% 1) + (7 5B X 3)
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=(n-1Dx1+n+1)x2+nm—-3)x3

d(uq, uy) + d(ug, uz) + d(uy, ug) + d(ug, us) + d(uy, uz) + duy, uy) +
W(L(G:) = +d(up, us) + d(us, ug) + d(us, us) + d(ug, us)

=(1+1+1+3)+(1+2+3)+(1+2)+1
=6x1)+2x2)+(2x3)
=n+1)Xx1+(n—-4)x2+(n—-4)x3
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