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Abstract: The aim of this paper is to understand the existing results on generalization
of well known means in the field of classical mathematical means and to contribute
some new results on monotonicities.
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1. INTRODUCTION and LITERATURE SURVEY

In recent years, pure and applied mathematics have seen several notable trends,
reflecting advancements in technology, changes in research focus, and the evolving
landscape of scientific inquiry. In pure mathematics, there has been a growing
emphasis on interdisciplinary collaboration, with mathematicians working closely
with researchers in other fields such as physics, computer science, and biology.

Pappas of Alexandria in his books during the fourth century A.D. presented
the well known means which are the main contributions of the ancient Greeks. In

Pythagorean School on the basis of proportion ten Greek means are defined of which

well known means A(a, b) = %b, G(a,b) =+vab, H(a,b) = %, and C(a,b) =
2 2
%, are respectively called Arithmetic mean, Geometric mean, Harmonic mean and

Contra harmonic mean [1,4]. The arithmetic mean of two positive numbers a and b,

1s the form

the number ‘m’ such thatm—a:b—m::1:1 on simplifying gives m = ath

of arithmetic mean which is one of the ten Neo-Pythagorean means (Greek means)
[1,2,4].

The generalization of Arithmetic mean, Geometric mean, and Harmonic mean
is given by [3,13,14,15,16,19]:
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1/r
a +b 20
M (a,b)= 2

which is also known as power mean.

The linear combination of Arithmetic mean and Geometric mean is also called

a+vab +b

Heron mean denoted and defined [4] as H.(a, b) = , which occurs in an

Egyptian manuscript in the year 1850 B.C. the Moscow Papyrus presented the volume
in terms of Heron mean in the form of V = hH,(a, b).Where H,(a, b) is the Heron
mean of ‘a’ and ‘b’, h is the height of the frustum of pyramid, ‘a’ lower base area and

‘b’ upper base area.

G. Toader and S. Toader [4], gave the brief collection of ten Greek means,
comparison of means, weighted means, invariant and complimentary means and
partial derivatives of means and its related results; further double sequences are
defined in terms of means and some applications of double sequences to estimate the
value of ‘m’ and extraction square roots were established by Heron. Lagrange’s
Gaussian and Archimedean double sequences were defined and some related results
are mentioned. Bullen introduced particular cases of extended means in his book [1].
Zhen-Hang Yang in his papers [6-9], defined homogeneous function with two
parameters  Hy(a, b, p, q) and proved its monotonicity with respect to p and ¢ as a
general case by using Lagrange’s mean value theorem. Also he considered four

particular cases; namely,

X+
1. f(xy) =4 (xy)= 2y ,
2. f(ry)=L(xy)=)mx—Iny :
X xX=y
[xlnx—ylny_lj
x=y
3. ey =Ty= ¢ XEY
X xX=y

4. f(xy) =D (x, y)=|x-y|
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where (x, y) = (&, b”) or (a, b?) and established valuable inequality chains to
generalize, strengthen and unify the old inequalities. Several estimates for lower and
upper bounds of two parameter logarithmic mean (extended mean) are presented.
Further, author studied logarithmical convexity of homogeneous function, refinements
and extension of logarithmical convexity[17,18], some identities and applications of
Hy(a, b; p, g). Also author introduced the power exponential mean. Several authors
obtained an excellent work on monotonicities by L'Hospital rule and some remarkable
results on Mathematical means and its inequalities [5,10,11,12].

In [13] the generalized a - centroidal Mean and its dual form in 2 variables are
introduced. Also, studied some properties and proved their monotonicity. Further,
shown that various means are particular cases of generalized a - centroidal Mean. In
[17] obtained some results and generalization of the contra harmonic mean in several
variables. Further, introduced Stolarsky’s extended family type mean values and
studied the properties and monotonic results. In [8] the log convexity and a simple
proof for monotonicity of power mean and generalized contra-harmonic mean are
presented in the literature.

2. DEFINITIONS
In this section, few essential definitions which are required to develop this paper are

recalled and are well known in literature.

Definition 2.1: Convolution of sequences is an operation of multiplication that in
most applications of sequences. It is taken with the same priority as multiplication in
algebraic calculations: In particular, it has higher priority than addition of
sequences[12].

It is usually denoted by a star.

Frpm = Y famgh-m)= > fn—m)gm)

m=—oo m=—oo

Definition 2.2: From above definition it generates for the sequences[12]; f(m) = a™
and g(k —m) = b*¥™™ then

K K+1 _ pK+1

a
mpK-m _
Za b B a—>b

m=0
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Definition 2.3: For a,b >0, K be any positive integer, then the following
generalized forms of Heron mean and its dual are constructed. Further, studied their

various properties.

R

(K—i) a% +i b*

1 a
Hn(a,b,K,a,B)=m[ §{=0(T)] for o # B

and its dual as,

=+

B
Hr(,d)(a, b, K,a,B) = %[ K. ((Kﬂ_gfl b )a] for o # P

This work motivates to construct the generalized form of centroidal mean in this

paper.

3. GENERALIZATION OF MEANS
This section provides, the generalized form of contra harmonic mean & their dual.
Definition 3.1: For a,b > 0, the centroidal mean is given by;
a? + b?
a+b

As above, for a,b > 0, non-negative integer K, define the generalized contra

CH(a,b) =

harmonic mean CH(a, b, K) as;

k 2E=D 2i
CH(a,b,K) =Z=°a(—KK_)bK forK = 2 (1)

Z{(:Oa K bK

and its dual as,

2(K+1-1) 2i
YK a” K+1 pK+1

CH(d)(a, b, K) = ®71-D 7 forK 2 2 ___(2)
¥K @ K+ bR+
OR
K 2(K+I-(1—i) % ,
CH@®(a,b,K) = Zizo® (K_i)bi % forK > 2 —Q)
Z{{:Oa K bK-a

Definition 3.2: For a,b > 0, K be any positive integer and a, § are 2 real numbers,

then generalization of contra harmonic mean is given by;

PAGE NO : 127



FOUNDRY JOURNAL[ISSN:1001-4977] VOLUME 27 ISSUE 12

=~

B
K (2(K-i)a% +2ib%\a
gl (et 200

CH(a,b,K:a,B) = —,a* P
Da® +i p& gE
[Zﬁio(W) l
and its dual
g
2(K a
Z{{=1<K+1—L) aK +2ib )
CHD(a,b,K:0,p) = o0 % B

T

815

ZK ((K+1—i) a® +i p* )Er
i=1 K

4. RESULTS
Through this section stated properties and proved the monotonicities.
Properties 4.1: Obviously CH(a,b,K: o, B) and CH (a, b, K: a, B) are symmetric

and homogeneous in nature.

Moonotonicity 4.2: For a,b > 0, K is any positive integer, then the generalized

contra harmonic mean CH(a, b, K) is monotonically decreasing in nature.

2(K-i) 2i K z = 2 i
—b) 2t >l ak bK
s i G I ),

Proof: Consider, CH(a, b, K) = == —g—— = NN
T o 2] )
(K+1) 21 (K+1)
() -
2
bK K+1  K+1
CRCI

(K+1) (K+1) —

B

R
()

In the above expression replace K by K+1 gives;

K+2 K+2
aK+1+4+bpK+1

CH(a b K +1) = 5272

aK+1+4+pK+1
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K+2 K+2 K+1 K+1
aK+1+bK+1 a K +b K
Consider, CH(a,b,K + 1) — CH(a,b,K) = — — S
aK+1+bK_+1 aK+bK
K+2 K+2 ﬂ ﬁ
. . . aK+1+pK+1 a K +b K
Further on simplification leads to: = — s w wae
aK+1+bK+1 aK+bK

101 1 1
(a— b)(aK+1E aKbK+ )

----- 3)
(aK+1+bK+1><aK+bK>

Case(i) For any positive integer K and b > a,
N ¢ K+l
It was well known that: (Z) > (Z)

1 1
. a\x a\K
Equivalently, (;) = (Z) o
i1 i _1 i1 i1
Or akbk+1 > bkak+1 or akbk+1 — pkak+1 > (.

1 1 1 1
Therefore, (a — b) (ambf—afbm) = (—ve) * (+ve) < 0.

Case(ii) For any positive integer K anda > b,
a

It was well knowil that: (%)K < (E)Kﬂ

Equivalently, (%)E < (%)K_-i-l

i1 i1 i1 i1
Or akbk+1 < brkak+1 or akbk+1 — pkak+1 < (,

1 1 1 1
Therefore, (a — b) (ambf—afbm) = (4+ve) * (—ve) < 0.
By considering case(i) and case(ii) proves that eqn(3) is negative.

Hence the generalized contra harmonic mean CH(a, b, K) is monotonically decreasing

in nature for all values of a, b & K.

Moonotonicity 4.3: For a,b > 0, K be any positive integer, then the generalized

contra harmonic mean CH ¥ (a, b, K) is monotonically increasing in nature.

2(K+1-i) 2i
Z{(O a K+1 pR+1 |—a?

(K+1-i) i
2{‘;0<a K+1 bK+1)—a

Proof: Consider CH @ (a,b,K) =

2 (K+1-1) 2 i

(aK+1) (bK+1>
NSO IR

yK 0[<a1<—+1> (bK_+1> ]—a

—q?
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"I

(i) ()
(a":>2("_>
() (K—)
(ewer )]

On simplification leads to:

1

_ (a2+b2) bK+2
- a+b 1 i

aK+1+pK+1

In the above expression replace K by K+1 gives;

1
CH(a,b,K + 1) = (a2+b2) ( 1bK+2 i )

a+b aK+z+bK+2

2,52 1 1
COIlSidCI', CH(a, b,K + 1) _ CH(a, b, K) — (a +b ) [( 1bK+2 . )_ < 1bK+2 1 )l

a+b aK+2+bK+2 aK+1+4+bK+1

Further simplification leads to:

1 1 1 1
_ (a?+b? aK+1pK+z—-pK+1aK+2
a+b 1 1 1 TNt T (3)
(aK+2+bK+2)<aK+1+b +1>

Case(i) For any positive integer K and b > a,

It was well knownlthat: (%)KH > (%)IHZ

Equlvalently,( )K+2 < (%)K;H

1 1 1 1 1 1 1 1
Or bk+igk+2 < qK+1pK+2 Or bk+iqk+2 — qk+1pk+2 < (),

Therefore, (a

a+b

aK+2+bK+2

2+bz) aK+1pK+2—-pK+1aK+2
( aK+1+bK+1

T T T = (+ve) * (—ve) < 0.
Gty

Case(ii) For any positive integer K and a > b,

It was well known that: (%)K+1 S (%)K+2
1 1

Equlvalently,( )’“2 < (%)m

1 1 1 1 1 1 1 1
Or bk+1gk+2 < qK+1pK+2 Or bk+i1qk+2 — qk+1pk+2 < (),

1 1 1 1
a®+b? aK+1bK+2—pK+igK+2
Therefore, ( - ) . - - = (+ve) * (—ve) < 0.
at (am+bm)<am+bx+1>

By considering case(i) and case(ii) proves that eqn(3) is negative.
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Hence the generalized contra harmonic mean CH(a, b, K) is monotonically decreasing

in nature for all values of a, b & K.
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