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Abstract

The present article emphasizes a unique fixed point which is proved by
contractive type conditions that are drawn by a closed graph operator of a
complete metric space such as Kannan and Chatterjea. To satisfy the contractive
condition, we have considered a self-map of a non-decreasing sequence of subsets
of a complete metric space, hence a contractive condition is satisfied.
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1 Introduction

A self map of a metric space (X, d) into itself is said to have a closed graph, if whenever
x, — xo and Tz, — 1o, for some sequences {z,} in X and some ¢, yo € X. Some fixed
point theorems in “Contraction mapping with variations in domain”, was developed by
C. Ganesa Moorthy and P. Xavier Raj [1]. Zamfirescu[3], who is the first personality, had
combined the proved states of Banach, Kannan and Chatterjea’s setup to the concept
of some fixed point theorems. The paper has drawn by the extension of Kannan and
Chatterjea strategies of some contraction mapping of a closed graph which is to establish
some fixed point theorems.

2 Preliminaries

Definition 2.1. [3] For a mapping T : (X,d) — (X, d), there exist real numbers «, 3,~
1
satisfying 0 < a < 1, 0 < B,v7 < 5 such that for each p,q € X, at least one of the
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following is true.

(i) d(Tp, Tq) < ad(p,q)

(i) d(Tp, Tq) < Bd(p,Tp) + d(q, Tq)]
(iii) d(Tp,Tq) < ~[d(p, Tq) + d(q, Tp)]

Theorem 2.2 ([1]). Let (X, d) be a complete metric space and T : X — X have a closed
graph. Let X; C Xy C X3 C ... be subsets of X such that T(X;) C X4, for all i,
X = Uj‘;l X; and d(T'x,Ty) < kid(z,y), for all z,y € X;, where k; € (0,1) are constants
such that > > ki, ko, ... k, < oo. Then T has a unique fixed point in X.

3 Main Results

Theorem 3.1. Let {X;} be subsets of a complete metric space (X,d) such that X; C
Xiy1 and X = |J2, X;. Suppose T : X — X be a closed graph operator satisfying

T(X;) C X1, for every i, and one of the following conditions is satisfied:
(i) d(Tz,Ty) < Bld(z, Tx) +d(y, Ty)],

(ii) d(Tx,Ty) < vld(z,Ty) + d(y, Tx)], for every x,y € X;,

aq (0D (6 7%

]_ [ee)
where 0 < 3,7 < 3 such that )

< 00. Then T" has a unique
i l—o11l— a9 1—oa,

fixed point in X.

Proof : (i) Fix z; € X;. Define 2,41 = Tx,, = T(Txp_1) = T"xy for alln = 1,2, .. ..
Then
d(l‘g, l’l) = d(Tl‘l, l’l)

Now,

d(z3, 22) = d(Twe, Tixy)
< ay [d(za, Tae) + d(xy, Twy)]
< oy [d(wg, x2) + d(z1, 22)]

(1 — Oél)d(l'g, I‘Q) = Oéld<I1, ZL’Q)

o
d(T?zy, Txy) <
( X1, xl) =1 _ o

d(iL’l, Tfl?l)
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Similarly,
[6%) (651
d(T3z,, T?x,) < :
( T x1>_1—042 1—041

d(xzq1,Tzy)

In general, we get,

Ay (6] (05}

d(T" 'y, Thry) <

Az T
“1l—a, l—asl—oy (21, T1)

For 1 < m < n, we have,

d(mel, Tn$1) S d(Tml’l, Tm+1$1) -+ d(Tm+1£L'1, Tm+2£[)1) + -4 d(Tnill'l, TniL'l)

[67%% [6%) (03]
< d(z,,T
_1—Oém 1—0421—041 (1'1, $1)
Om41 Qo 631
d(zq, T
+1—Oém+1 ]_—062]_—061 ($1, xl)—i_
QOn—1 (&%) g
+1—Oén_1 1—0421—041 (xh xl)
n—1
a; (6) (0%}
izml_ai 1-0(21-&1 (1'1, 171)

Thus, {77z}, is a Cauchy sequence in X.
Assume that {7z} | converges to s* in X.
Then, {T™z,}22, is also a Cauchy sequence and converges to s* in X.
Since T" has a closed graph in X, we have T's* = s*, then s* is a fixed point of T'.
If r* is another fixed point of T, then s*,r* € X, so that
0 <d(s*,r*)=d(Ts",Tr")
< ould(s*, Tx*) +d(r*,Tr*)] =0
0<d(s",r*) <0
So, s* = r*, which proves the uniqueness of the fixed point of T
(i) Fix x; € X;. Define x,, 1 = Tx, = T"z for all n = 1,2,3,.... Then, d(x9,21) =
d(Tzy,z,) and
d(x3,z9) = d(Txe, Txq)
< oy [d(wg, Txy) + d(x1, Txo)]
< oy [d(w2, 29) + d(z1, 73)]
< oy [d(zy, 22) + d(22, 23)]

(1 = a1)d(w2,23) < ard(x1, 2)

aq

d(T?xy, Txy) < d(z,Tz)

1—0&1
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In a similar manner, we get

(0%)] aq
d(T3xzy, T?x,) < d(x,, T
(T°21, T721) < l—nl—oy (1, Tz1)
Continuing in this way we get,
d(T" 'z, T xy) < G Aot d(zqy,Tzy)

_1—Oén1—06n,1 1—041

For 1 < m < n, we have

ATz, T"zy) < d(T"xq, Tm+1x1) + d(Tm+1x1, Tm+2x1) 4+ 4 d(T"_lzl, T"xy)

(679 Op—1 a
ce d T
“l-ap,l—an1 1—m (21, T ) +
Ap—1 Ap—2 aq
d T
+1—(Xn 11 n—>2 ]_—Oél («Th xl)

(651 Q;

d(.’L‘l, T$1)

n—1
AT, T"1) Szl—all—ag 1

{T™z,}5°, is a Cauchy sequence in X which converges to a point s* in X. Then
{T 1z }5° , is also a Cauchy sequence which converges to s* in X.
Since T" has a closed graph operator in X, we say that s* is a fixed point of 7'
Uniqueness part.

If r* is a fixed point of T. Then s* and r* in X, so that

0 <d(s",r*)=d(Ts*,Tr")
< ould(s*, Tr*) + d(r*, Ts")]
< aquld(s*,r*) +d(r*, s¥)]
= 20;d(s™, ")

(1 —2q;)d(s*, ") <0
which implies that d(s*,7*) = 0 as 1 —2a; < 0. Hence, s* is a unique fixed point of 7. [

Example 3.2. Let o, = %, n=1,2,3,..., then

> a o «
1 2 n
E < Q.
—o1 1l — oy 1—a,

n=1

Let X = {%, 3%, 3%, e } and d be the usual metric on X.

1 1 1 1
Xn:{§73_27§7"'7ﬁ}7
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foreach n =1,2,3,....
Define T : X — X by

0, ifx=0
T(x) =
1 : 1
m, 1fx=5,n:1,2,3,...

For p < ¢, we have:

()Gl

1 1
3p+2  3q+2

1 1 1 1
3p+2 3¢+l - 30+l 3¢+2

<1 1 1 1 1
=33 30| T3 e
11 1 1 1
3z | T3 3

1 1 1 1
33 3| a3

(1 1] |1 1
<33 3| T3 3

—_—— —— —— ——

which is verified by the condition (i) of the above Theorem 3.1 also the fixed point is 0.

In a similar fashion, condition (ii) is also proved.
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