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Abstract

This groundbreaking study delves into graph theory, focusing on the crucial concepts of Split
and Non-Split Domination. We explore the notion of Split domination parameter for a diverse
range of graphs, including Planar, Path, Cycle and Helm graphs. Additionally, we embark on an
in-depth analysis of Non-Split domination for Planar graphs and Complete graphs. Through
meticulous investigations and innovative methodologies, our research uncovers valuable insights
into the dominating structures of these named graphs, potentially paving the way for
advancements in various real-world applications such as network design and optimization.
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1. Introduction

In graph theory, domination is a fundamental concept that covers all vertices in a graph
with a set of dominating vertices. A vertex is said to dominate another vertex if it is adjacent to it
or if they are the same vertex. A dominating set is a subset of vertices in the graph such that

every vertex in the graph is either in the set or adjacent to a vertex in the set.

The concept of Split domination was introduced by researchers Kuli and Janakiram. In a
graph, a Split dominating set is a dominating set that can be partitioned into two subsets, where
each vertex in one subset has at least one neighbor in the other subset. The Split domination

number of a graph is the minimum size of a Split dominating set for that graph.
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kuli and Janakiram explored various properties and characteristics of the Split domination
number to other graph parameters, such as the domination number (minimum size of a
dominating set that is not necessarily split), connected domination number (minimum size of a
dominating set that induces a connected subgraph), and vertex covering number (minimum size
of a vertex cover, a set of vertices such that every edge in the graph is incident to at least one
vertex in the set).

On the other hand, researchers Kuli and Nandargi introduced the concepts of Global non-
split domination and Path non-split domination numbers. In the context of Global non-split
domination, a dominating set is considered non-split if it cannot be partitioned into two subsets
satisfying the split dominating set conditions. The Global non-split domination number of a

graph is the minimum size of such a non-split dominating set that covers the entire graph.

In the case of Path non-split domination, the focus is on finding non-split dominating sets
in the graph that form a path, where each vertex in the path dominates the next one. The Path

non-split domination number is the minimum size of such a non-split dominating path.

Motivated by the study of various domination concepts, researchers have delved into
investigating the parameters of both Split and Non-Split domination numbers in specific graph
structures. This research aims to gain insights into the complexities of these domination concepts

and to identify their characteristics in different graph configurations.

By studying Split and Non-Split domination, researchers hope to enrich our
understanding of dominating sets in graphs and explore their applications in various fields,
including network design, resource allocation, and optimization problems. The exploration of
these concepts contributes to the broader field of graph theory and its applications in real-world
scenarios.

2. Preliminaries
2.1 Definition

Let G be a graph with vertex set V and edge set E. Let D be the subset of vertex set V. If
every vertex in (V-D>) is adjacent to a minimum of one vertex of D then D is said to be the
dominating set. The number of vertices of a minimum dominating set of a graph G is called the

Domination number of G. It is denoted by y(G).
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2.2 Definition

If the induced subgraph <VV-D> is disconnected, then the dominating set D is called Split
Dominating Set. The Split dominating number ys(G) of G is the minimum cardinality of the Split
Dominating Set.

2.3 Definition

A dominating set D of G is a Non-Split Dominating Set, if the induced subgraph <V-D>
is connected. The Non-split domination number yns(G) is the minimum cardinality of a Non-

Split Dominating Set.

2.4 Definition

A dominating set D is said to be a Connected Dominating Set if the induced subgraph
<D> is connected. The Connected domination number y¢(G) is the minimum cardinality of a
Connected Dominating Set.
2.5 Preposition

For any simple, finite and undirected graph G

(Ny(G)=< ys(G)
(i)y(G) < yn(G)
Proof:

Since the Split dominating set of G is the superset of the dominating set of G and
Therefore y(G)< ys(G)

Similarly, the Domination set of G is the subset of the split domination set of G and
Therefore y(G) < yns(G)

2.6 Result:

For any simple, connected and undirected graph.Since every Split dominating set and Non-Split

dominating set of G are dominating sets of G.  So, we have the following inequalities,
@) v(G)=v4,(G)
(i) Y(G)= ¥ns(G)
(ii)y (6) =min(y(G),¥ns(G))
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3. Split Domination Parameters for Planar Graph, Path Graph, Cycle Graph and Helm

Graph
Theorem 3.1
Suppose G is a Planar graph on n vertices then
2] ifn=2k
ys(G= 2
2| ifn=2k+1
Proof:

The proof of this theorem can be done by using mathematical induction. Let G be a
Planar graph on vertices on n vertices V={v,,v,, vs,....v,}. the vertex set of G can be
partitioned into 2 subsets Vi={v,, v, vs ....} and V.={v,, v,, vg ....} such that VinV.=@ and
V1UV2=V.

Case(i) when n=2k
For any G be a Planar graph on 6 vertices. By definition of Split domination, it has

dominating set D={v,, v,, v¢}. Since each vertex in D is incident with induced subgraph <V-D>,

If D is removed from V, then G[<V-D>] has more than one component and D is only minimal

dominating set. Therefore, y,(G)= E] =3. Hence, we conclude that the Split domination number

of a Planar graph is yS(G):E] when n=2k.
Case(ii) when n=2k+1

If G be a Planar graph on 7 vertices then V(G)={v,,v,,vs, Vs, Vs, Ve, v;} and
E(G)={e,, e, €3, €4, €5, €4, €7 }.it has dominating set D={v,, v5, v, }.Since every vertex in D is

adjacent with induced subgraph <V-D>If D is removed from V, then G[<V-D>]will be
disconnected and D is only minimal dominating set. Therefore, yS(G):EJ:&

Proceeding like this for n=2k+1 we have a Split domination number of a Planar graph

isv5(©)=3].
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Example 3.1.1
Case (i) when n=2k

%) VU3

Ve Vs
Planar graph with 6 vertices
Figure 3.1.1(a)
The dominating set D={v,,v,,v¢} and y,(G) = 3.
Case(ii) when n=2k+1

v

Uy Us

U6 U7
Planar graph on 7 vertices
Figure 3.1.1(b)
The dominating set D={v; v;v;}& y(G) = 3.

Theorem 3.2
Suppose G is a Path graph on n vertices (n> 3) then

{EJ + 1wheren=3k+1, forallk=1,2 ..

VS(G)=JI
\

E] wheren =3k + 2, forallk =12 ...
]

wheren =3k + 3, forallk =12 ...
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Corollary 3.3

The Path graph has 2- domination, 3- domination............. (n-1) domination.

Theorem 3.4

Suppose G is a Cycle graph on n vertices (n=> 3) then

[r— —
W3 w|3 w3
— —

If whenn =3k +1, forallk=1,2 ..
yS(G)=4 whenn =3k + 2,forallk =12 ...
|

whenn =3k + 3, forallk =12 ...

3.5 Observation

» Every Split domination set of a Path graph is Independent domination.
» Every Independent domination of a Cycle are Split domination.

Theorem 3.6
If G is a Helm graphH,,(n=> 3) then

¥s(G) =[ there n=k , for all k=1,2,....

2n+1
2

4. Non-split domination parameters for planar graph and
complete graph

Theorem 4.1

Suppose G is a Planar graph on n vertices then

If EJ +1 wheren=3k+1, forallk =123, ........
Yns(G)= { E] wheren =3k + 2,3k +3 forallk =12 ...
k E] +1 wheren =4k forallk=1234,........

4.2 Observation

» Every Non- Split domination of planar graph is a Connected domination.
Therefore, ¥,5(G)=v.(G)

» Every Connected domination of Complete Graph is a Non-Split domination.
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Theorem 4.3

If Gisa Complete graph on n> 2 vertices then

)’ns(G)= 1
Proof

Let G is Complete graph on 6 vertices ,then by Non Split domination, the dominating sets
are D;={v;}, D,={v,},....... D¢={v¢}. Since every singleton set is nom-split dominating set
and also and also G[ <V-D>] is connected and D is the dominating set whose minimum
cardinality is 1 and the Non Split domination number is y,,(G) = 1. Hence, we have a Non-Split
domination number of a Complete graph isy(G) =1

Example 4.3

V1 %)

Us Lz
G-Complete graph on 6 vertices

Figure 4.3
D={v,} are Non Split dominating set & Therefore y,,.(G)=1

4.4 Observation

» Here we observe that a Non Split domination on Path graph does not exists.

» Since every Complete graph is Non-Planar so the Split domination number
does not exists.

» We observe that Non-Split domination on the Cycle graph does not exist.
5. Conclusion

In this paper, our rigorous analysis and investigation into the parameters of Split domination

and Non-Split domination in various graph families, namely Planar graphs, Path graphs, Cycle

PAGE NO :166



FOUNDRY JOURNAL[ISSN:1001-4977] VOLUME 27 ISSUE 8

graphs, and Helm graphs on n vertices, have yielded significant insights into the intricacies of
these mathematical structures. Throughout our research, we have uncovered compelling evidence
supporting the idea that the bounds for Non-Split domination in Planar graphs and Complete
graphs on n vertices are indeed sharp, indicating that these particular scenarios warrant further
exploration and attention in future studies. Moreover, the extension of the concepts of Split
domination and Non-Split domination to encompass certain special families of graphs has
opened up new avenues of research and paved the way for potentially novel applications in
diverse fields. The outcomes of this study not only contribute to the theoretical understanding of
graph theory but also hold potential implications for practical applications in areas such as
network design, optimization, and algorithm development. As scientists and mathematicians
continue to delve into the complexities of graph theory and its diverse applications, our findings
provide a solid foundation for future investigations and offer valuable insights that could shape
the course of research in this domain. By building upon our work and exploring the uncharted
territories of graph parameterization, we can uncover even deeper connections and implications,

ultimately advancing the frontiers of knowledge in this fascinating field.
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